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Fig. 3 Effect of spatial burning rate variations on chamber pressure.
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Fig. 4 Typical grain burnback pattern.
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Fig. 5 Influence of spatial burning rate variation (factor A:) on BARF
curves.

curves can be generated by noting that BARF & p(1~n\ Re-
sults of this calculation are shown in Fig. 5. This figure also
indicates that moderate burning rate variations (e.g., only 1
or 2%) can lead to substantial BARF effects for a motor with
a grain LID = 2.

The model was also utilized to assess the effects of grain
length and burning rate exponent on BARF predictions. Re-
sults indicate that end surface contributions become unim-
portant at a grain LID greater than two such that all longer
grains had similar BARF behavior.10 In addition, increasing
burning rate exponent had essentially no effect on the BARF
curve for fixed grain geometry and k values since the BARF
effect is the burning rate amplification required to match the
observed pressure history.

Conclusions
Results for a simple cylindrical-port motor indicate that

inclusion of spatial dependence of burning rate produces ef-
fects similar in nature (both qualitatively and quantitatively)
to those normally attributed to the BARF. These results in-
dicate that future ballistic predictions could be improved if
such a spatially-varying burning rate model were incorporated
within the predictions. Spatial variations along axial-facing
propellant surfaces are of minor importance for grain LID >
2, and burning rate exponent has no influence on the level of
the BARF effect for fixed grain geometry and spatial burning
rate variations.
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Introduction

NE of the most important processes that dominate spray
combustion efficiency is spray drop deformation and
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breakup. Krzeczkowski1 has conducted an experimental study
of the deformation mechanisms of spray drops. These may
be characterized as bag-type and shear-type, with some tran-
sition in between. The present work is only concerned with
the shear-type mechanism. Existing theoretical models for
shear-type breakup may be categorized under two main cat-
egories. These are the 1) semianalytical and 2) the Taylor
analogy models.

Semianalytical Models
The semianalytical models rely on analytical methods to

solve the governing Navier-Stokes equations and mass con-
servation equation, with the aid of some submodels and as-
sumptions. One of the most recent of these models is that of
Gonor and Zolotova.2 The original paper of Gonor and
Zolotova2 doesn't give the final equations and contains some
misprints. The present authors worked out the equations for
the axial and radial velocity components u and v, respectively,
of the model of Gonor and Zolotova2 to be

The external force on the mass is analogous to the gas aero-
dynamic force. The recent models based on the Taylor anal-
ogy have added the damping forces due to liquid viscosity.
The equation of a damped, forced harmonic oscillator is given
by

&y dym-44-c-7- + /cy = F
dt2 dt (1)

The Taylor analogy models can be categorized by the ap-
proach that is used to determine the values of m, c, k, and F
in Eq. (1). Two types of models exist: 1) models which use
an empirical approach such as the Taylor analogy breakup
(TAB) model of O'Rourke and Amsden,4 and 2) others which
employ an approximate analytical approach.5 The equation
of the TAB model can be written as

d2); 5^V dy _8_ = 2
dr2 + Re dt + We y ~ 3 (2)

faioy ~ <hx>xy + a^(\y2 - 2x2)xy

= -(0.74/K)[(1 + It)-2 ~ 1]

- 3lt

- cos(oj2>)

- 3/f '

= (9/&K),

= \/(l4Q/KWe)

with It « I where x andy are the axial and radial coordinates,
respectively; t is time, K is the liquid to gas density ratio, K
= Pi/pg, and We is the Weber number We ~ pgUiR/(T, where
Ux is the relative gas to liquid velocity, R is the spherical drop
radius, and cr is surface tension. The axial and radial defor-
mations of the drop are evaluated from the corresponding
velocity components as

y.f = dt

where subscripts / and / denote initial and final quantities,
respectively. Unfortunately, the model of Gonor and Zolotova2

gradually loses its time-accurate representation of the drop
deformation as this deformation becomes large. Conse-
quently, their power-series solution often diverges long before
drop breakup occurs, especially at We > 20, as will be shown
later. Also, Gonor and Zolotova neglected the viscosity of
the drops which can be significant in predicting the oscillations
of small drops.

Taylor Analogy Models
Taylor3 suggested the analogy between an oscillating and

distorting droplet and a spring-mass system. The restoring
force of the spring is analogous to the surface tension forces.

where N is the liquid-to-gas dynamic viscosity ratio N = /*,,/
/xg, and Re is the Reynolds number Re — U^RIvg, where vg
is the gas kinematic viscosity. In Eq. (2), y is the dimensionless
displacement of the equator of the droplet from its equilibrium
position. This is odd, because in a spring-mass system, the
forces are expected to act through the c.m., and since the
droplet deformation takes place at both its north and south
poles simultaneously, the acting forces should be divided equally
between the north and south halves of the droplet and act
through the c.m. of the half droplet at distances ±4R/(37r)
from the equator. Then y in Eq. (2) should be the displace-
ment of the c.m. of the half droplet. The displacement of the
equator of the droplet vanishes symmetrically. The above-
mentioned shortcoming of the TAB model was corrected in
the drop oscillation model of Clark'.5 However, since dark's
model is linearized, the nonlinear effects which manifest
themselves at large deformations of the drops are lost. The
model preserves the cross-sectional area of the drops instead
of its volume. The equation derived in this model is

d2y 97r2(N
4Re

dy
dt 4We

_4
3~7T

(3)

where y is the dimensionless distance between the center of
the deformed half-drop and the equator of the drop.

Proposed Model
It is assumed that the liquid drop is deformed due to a pure

extensional flow from an initial spherical shape of radius R
into an oblate spheroid of an ellipsoidal cross section with
major semiaxis a and minor semi axis b. We formulate the
drop dynamics in terms of the motion of the c.m. of the half-
drop. The energy equation of the half-drop that experiences
no heat exchange with its surroundings can be written as

dE
dt

dW
' dt (4)

where E is internal energy and W is work done. The internal
energy of the half-drop comes from its kinetic and potential
energies

dE 2 p3 /dv
— = - rrR 3p,v I —dt 3 p/ \dt

dAs
" ~~T~dt (5)

Here v = (dy/dt), where y is the distance from the c.m. of
the deforming half-drop to its equator, and As is the drop
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surface area. The work done is by pressure and viscous forces,
so that

dW
(6)

where /? is pressure, Ap is the projected area of the drop Ap
~ 77/?2, and <i> is the viscous dissipation. The pressure term
in Eq. (6) contains (dy/dt), since all forces are assumed to act
through the c.m. of the half-drop. Using the principal axis
form of the two-dimensional strain-rate tensor, the viscous
dissipation due to pure extensional flow is

where z is the principal axis which is in the direction of the
motion of the c.m. of the half-drop. For an elliptic half-drop,
the velocity of the c.m. in the z direction is v = (dv/dz)y, and
with v = (dy/dt) we get (dv/dz) = (v/y) = (l/y) (dy/dt).
Therefore, the viscous dissipation for the half-drop is

•-I*-* 02 (7)

The pressure causing the drop deformation is the gas stag-
nant pressure, i(pgUl). The average pressure on the drop
front is actually less than the stagnation pressure, but this is
partly counteracted by the negative pressure behind the drop.
Hence

(8)

For the ellipsoidal drop, the surface area is that of an oblate
spheroid given by

-i -> b2 (I + e)
As = 2T702 + 77- /*)-—————(,

E (I - e) e = Jl - -\a

However, use of the above formula results in a somewhat
complicated form of the model. In order to simplify the anal-
ysis, the above formula is approximated by

As = 2) (9)

Equation (9) is found to give a good approximation of the
surface area of the ellipsoidal drop within the deformation
range considered in the present investigation. Since the drop
volume is conserved, i.e., 17ra2b = ^TrR^.orb = R3/a2. Using
a = (37T/4)y and b = R3/a2 in Eq. (9), and putting 377/4 =
c, we may write

dAs

dt
9773

y i - dt

Using Eqs. (5), (6), (7), (8), and (10) in Eq. (4) gives

2

Defining the dimensionless quantities, y* = y/R, t* = *(£/*/
/?), we can rewrite Eq. (11) in terms of these dimensionless
quantities which yields after dropping the star

We call Eq. (12) the droplet deformation and breakup (DDB)
model. The DDB model is applicable to shear-type (typically
at We > 20) deformation of spray droplets in pure extensional
flows.

Results and Discussion
A numerical solution of the DDB model equation is ob-

tained by a fourth-order Runge-Kutta initial-value solver. The
initial conditions are given by y = dy/dt = 0, at t = 0 for
the TAB model and y = 4/(37r), dy/dt = 0, at t = 0 for both
dark's5 and the DDB models.

The predictions of the above three models, as well as the
semianalytical model of Gonor and Zolotova,2 are compared
with the experimental data of Krzeczkowski1 for shear breakup
in Fig. 1 which depicts the dimensionless deformation of the
drop vs dimensionless time. The dimensionless deformation
of the drop is represented by the ratio of the deformed drop
major semiaxis a to the initial undeformed drop radius R.
In Gonor and Zolotova's2 model, the deformation is given
by the maximum value of y. In the TAB model it is equal to
(y + 1), while in Clark's5 and the DDB models it is given by
a/R = (3iT/4)y. In Fig. 1 it is seen that calculations by the
model of Gonor and Zolotova could only be carried out up
to a short period of time, after which the model predicts an
infinite drop deformation. It is clear from Fig. 1 that the DDB
model provides a better agreement with the experimental data
compared with the TAB and Clark models. The cross on the
curves of the TAB and DDB models represents predictions
of drop breakup time for shear breakup. In the TAB model,
the breakup criterion is that the amplitude of oscillations of
the north and south poles of the drop equals the drop radius.
This is believed to be rather unrealistic since experimental
evidence, e.g., Krzeczkowski,1 suggests that breakup occurs
at different drop sizes for different We numbers. The breakup
criterion in the present DDB model is derived by noting that
near drop breakup, both the drop kinetic energy and viscous
dissipation are negligible.4-5 Therefore, from Eq. (12) we have

377

4 '
377 3 l6We
4 8 2777

We
677

where subscript b denotes breakup quantities. The agreement
between Eq. (13) and the experimental data is favorable as
shown in Fig. 1.
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Fig. 1 Comparison of predicted drop deformation and breakup with
the experimental data of Krzeczkowski.1 o (Ref. 1), a (Ref. 2), b (Ref.
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Nomenclature
d = inner diameter of burner exit
R = inside radius of burner exit
r = radial position from center of burner exit
Uc = average centerline velocity
Um = average axial velocity
Urms = root mean square velocity
Xt = mole fraction of fuel with inert gas /
x = position normal to burner exit

Introduction

T HE mechanisms responsible for the liftoff from the burner
rim and stabilization of jet flames are not clearly under-

stood.1 Early works2'3 studied the stability of jet flames in
open air and identified four different regimes concerning flame
stability. Of the four stability regimes 1) liftoff, 2) blowoff,
3) lifted, and 4) blowout, only the liftoff process will be studied
in this Note. The liftoff condition is referred to the instant
when the flame detaches from the burner rim in a discontin-
uous manner. After the flame detaches from the burner rim,
it may stabilize at a downstream location (i.e., lifted flame)
or it may result in flameoff conditions (or the blowoff con-
dition).
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More recent works4'7 have determined important param-
eters such as jet exit lip thickness, annular velocity, diluents,
etc., which significantly effect the liftoff process. Current data
are inconclusive to determine the mechanism(s) responsible
for the liftoff process. The present study adds new information
to the data base and reveals interesting comparisons to pre-
vious liftoff data.

Experimental Consideration
The experiments were conducted with a small vertical com-

bustion tunnel.8 The fuel and inert gas flows are regulated by
rotameters. The burner is positioned vertically upward, at the
center of the coflowing annular air that has a diameter of 250
mm. The burner tip extends 25-mm above the annulus exit
plane. A stainless steel honeycomb mesh is placed in the
annulus perpendicular to the axial direction, upstream of the
burner exit. The burner assembly is situated under a forced-
draft exhaust hood (1.22 x 1.22 m) with window screens
surrounding the combustor. The exhaust system is equipped
with a blower rated at 0.944 m3/s. The dry annulus air (dew
point at -40°C) is metered by a mass flow meter. The inert
gas is added only to the fuel flow. A pressure gauge down-
stream of the rotameters is used to monitor the pressure drop
between the rotameters and the burner exit. The pressure
drop for the conditions reported here is less than 0.69 kPa,
which has a negligible back-pressure effect relative to the
rotameter reading. The flow meters are specified with an
accuracy of ±5% of the full-scale reading. Liftoff conditions
were recorded with and without the exhaust hood operating;
no difference in the liftoff velocities was observed.

The burner configuration is a tapered nozzle. The burner
exit i.d. is 5 mm. The burner is made of a long stainless steel
tube, having an o.d. of 25.4 mm, and a reducing section near
the burner tip. The tapered nozzle has a gradually tapered
section, at a rate of 1-20 radius-to-length ratio, over a length
of 100 mm, forming a 2.9-deg angle to the vertical plane. The
tapered burner has a sharp lip, about 0.3 mm in thickness,
and yields a flat velocity profile at the burner exit as shown
in Fig. 1.
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